Several asymptotic expansions are given for the generalized incomplete gamma Ž .
INTRODUCTION
The generalized incomplete gamma function we obtain The above series is clearly convergent from the estimate
, which shows uniform convergence in b F B, ␤ n n! F , for fixed ␣. For the asymptotic behavior, notice first that
. n Therefore x s brx c is an asymptotic sequence and
Ž . Ž . This shows that the expansion is valid when brx s o 1 or O 1 as x ª ϱ.
THEOREM. The series
is con¨ergent and asymptotic as x ª ϱ.
Remark 1. Expansion in terms of exponential integrals when ␣ is an integer.
Application to pulse-type line-heat source problems occur when ␣ s 0, Ž w x. y1 see 9 . For the convenience of the reader interested in these applications, we write the solutions when ␣ s 0, y1, y2, . . . ,
where E x is the exponential integral, and E x ; e rx as x ª ϱ, for n n fixed n. 
2.3b
Ž .
and in the case ␣ s 0, y1, y2, . . .
EXPANSION IN TERMS OF THE INCOMPLETE GAMMA FUNCTIONS
w x The expansion in terms of the incomplete gamma functions given in 3 remains valid for Re b G 0.
As before, we get
ms0 w x The last two expansions were already given in 4 .
EXPANSION IN TERMS OF WHITTAKER FUNCTIONS

Ž
. We have mentioned that ⌫ ␣, x; b had important applications for negative values of ␣. Therefore, we are going to suppose, for the moment, that y␣ ) 0. We have for b ) 0, 
Ž . In view of the Whittaker representation, formula 4.1 can be extended by the principle of analytic continuation for positive ␣ and Re b G 0.
4.2b Ž .
EXPANSION IN TERMS OF LAGUERRE POLYNOMIALS w x
The following expansion given in 3
Ž . where the L z are the Laguerre polynomials, can be extended in the n right half-plane Re b G 0 and also for negative values of ␣. It should be pointed out however that this series is asymptotic but not convergent. We give here the corresponding expansions of the decomposition functions C ⌫ y␣ Ž .
n and S . Let L z s l l q l l z q иии ql l z ; then as x ª ϱ, we have
6. CLOSED FORM EXPRESSIONS FOR ␣ s " , " , . . . 
w x where I and K are the modified Bessel functions 1, Sect. 9.6 .
We are interested here in a similar closed form expression for negative half integer values of ␣. From
Ž w x. see 3 , and the recursion relation, ž /
2
In the same way, a similar closed form expression can be found for other Ž . Ž . Ž . negative half integer values of ␣. Formulae 6.2 , 6.3 , and 6.4 can be Ž . regarded as the basis for a numerical method for computing ⌫ ␣, x; b 3 5 when ␣ s y , y , . . . . Ž . Before using the closed form expression for ⌫ n q , ; b , notice the
